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Abstract
The symbol length of pBr(k((α1)) . . . ((αn))) for an algebraically closed field k of char(k) ,
p is known to be ⌊ n
2
⌋. We prove that the symbol length for the case of char(k) = p is
rather n − 1. We also show that pairs of anisotropic quadratic or bilinear n-fold Pfister
forms over this field need not share an (n − 1)-fold factor.
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1. Introduction
Given a prime integer p and a field F of char(F) , p containing a primitive root of
unity ρ, every cyclic algebra of degree p over F takes the form
(α, β)p,F = F〈x, y : x
p
= α, yp = β, yx = ρxy〉
for some α, β ∈ F×. When char(F) = p, every such an algebra takes the form
[α, β)p,F = F〈x, y : x
p − x = α, yp = β, yxy−1 = x + 1〉
for some α ∈ F and β ∈ F×. These forms are called “(Hilbert) symbol presentations”
of the algebras, and the algebras are also called “symbol algebras”. By [7] (when
char(F) , p and ρ ∈ F) and [1, Chapter 7, Theorem 30] (when char(F) = p), every
class in pBr(F) is represented by a a tensor product of symbol algebras of degree p. The
symbol length of a class is the minimal number of symbol algebras required in order
to express it, and the symbol length of pBr(F) is the supremum on the symbol lengths
of its classes. Fields F for which 2Br(F) has symbol length 1 are called “linked fields”
and are of interest in number theory because of their special arithmetic properties (for
example, their u-invariant is either 0,1,2,4 or 8 by [6] and [4]).
For complete discretely valued fields, the computation of the symbol length is often
easy. In particular, the symbol length of pBr(F) is ⌊
n
2
⌋ for F = k((α1)) . . . ((αn)) being
the field of iterated Laurent series in n indeterminates over an algebraically closed field
k of char(k) , p. The goal of this paper is to show that this does not extend to the case
of char(k) = p, and in fact the symbol length of pBr(F) is exactly n − 1. We also study
Email address: adam1chapman@yahoo.com (Adam Chapman)
1
pairs of quadratic (or bilinear) Pfister forms over such fields when p = 2 and show that
they need not share an (n − 1)-fold factor.
2. Notation and Terminology
We denote the symbol length of pBr(F) by SymLp(F). Given a valued division
algebra D (that can be a field, in particular), we denote its residue field by D and its
value group by ΓD. We refer the reader to [9] for background on valuation theory on
division algebras.
Given a field F of char(F) = p > 0, if [F : F p] < ∞ then [F : F p] = pr for some
nonnegative integer r. This r is called the “p-rank” of F, and denoted by rankp(F).
We say that InqF is linked if every two quadratic n-fold Pfister forms over F share an
(n − 1)-fold Pfister factor. In particular, F is linked when I2qF is linked. We say that
InF is m-linked when every m anisotropic bilinear n-fold Pfister forms over F share an
(n − 1)-fold factor. When m = 2 we simply say InF is linked. When char(F) , 2 there
is no distinction between InqF and I
nF. For background on quadratic and symmetric
bilinear forms see [5].
3. The Brauer Group
For the standard case of char(k) , p the following is known:
Proposition 3.1. Let p be a prime integer and k an algebraically closed field of
char(k) , p. Then SymLp(F) = ⌊
n
2
⌋ for F = k((α1)) . . . ((αn)) being the field of iter-
ated Laurent series in n indeterminates.
Proof. It follows from [9, Theorem 7.80]. 
We recall two theorems from the literature that are useful for our cause:
Theorem 3.2 ([8, Theorem 1]). Suppose F is a Henselian valued field, D and E are
division algebras over F such that
1. D is defectless,
2. D ⊗ E is a division algebra, and
3. ΓD ∩ ΓE = ΓF .
Then D ⊗ E is a division algebra.
Theorem 3.3 ([2, Theorem 3.3]). Let F be a maximally complete field of char(F) =
p > 0 with dimFp(ΓF/pΓF) = n. Write dimFp(F/℘(F)) = m. Then the symbol length of
pBr(F) is at most n − 1 when m < n and n when m > n.
We are now ready to prove the main results:
Lemma 3.4. Let p be a prime integer and k a field of char(k) = p. Then [α−1
2
, α1)p,F ⊗
[α−1
3
, α2)p,F ⊗ · · · ⊗ [α
−1
n , αn−1)p,F is a division algebra over F = k((α1)) . . . ((αn)).
2
Proof. We prove this by induction. For n = 2, the algebra [α−1
2
, α1)p,F is indeed a divi-
sion algebra: The e´tale extension K = F[x : xp − x = α−1
2
] is a field extension because
the value of α−1
2
with respect to the right-to-left (α1, α2)-adic valuation is (0,−1), and
so if a solution to the equation zp − z = α−1
2
existed in F, the root z would be of value
(0,− 1
p
), but ΓF = Z × Z, contradiction. Now, the valuation extends to the field K and
ΓK = Z ×
1
p
Z. If α1 were a norm in K/F, since its value is (1, 0), there would exist
an element in K of value ( 1
p
, 0), but there is no such element. Hence [α−1
2
, α1)p,F is a
division algebra.
Assume that [α−1
2
, α1)p,F ⊗ [α
−1
3
, α2)p,F ⊗ · · · ⊗ [α
−1
m , αm−1)p,F is a division alge-
bra for every m ∈ {2, . . . , n − 1} and any field F of iterated Laurent series in m
indeterminates over any field k of char(k) = p. Let us now look at [α−1
2
, α1)p,F ⊗
[α−1
3
, α2)p,F ⊗ · · · ⊗ [α
−1
n , αn−1)p,F over F = k((α1)) . . . ((αn)). Write F = K((αn)) where
K = k((α1)) . . . ((αn−1)), D = [α
−1
2
, α1)p,F ⊗ [α
−1
3
, α2)p,F ⊗ · · · ⊗ [α
−1
n−1
, αn−2)p,F and
E = [α−1n , αn−1)p,F . Consider the αn-adic valuation on F. Then E = K[q : q
p
=
αn−1] = k((α1)) . . . ((αn−2))((q)). In addition, the algebra D is defectless with respect to
this valuation, and we have D⊗ E = [α−1
2
, α1)p,E ⊗ [α
−1
3
, α2)p,E ⊗ · · · ⊗ [α
−1
n−2
, αn−3)p,E ⊗
[q−1, αn−2)p,E , which is a division algebra by the induction hypothesis. The conditions
of Theorem 3.2 are therefore satisfied, and so D ⊗ E is a division algebra over F, and
the induction is complete. 
Theorem 3.5. Let p be a prime integer, k a perfect field of char(k) = p and F =
k((α1)) . . . ((αn)). Then SymLp(F) = n − 1 when dimFp (k/℘(k)) < n (e.g., when k is
algebraically closed), and SymLp(F) = n when dimFp(k/℘(k)) > n.
Proof. Suppose dimFp (k/℘(k)) < n. Consider the right-to-left (α1, . . . , αn)-adic valua-
tion on F. Since the residue field is algebraically closed, by Theorem 3.3 the symbol
length of pBr(F) is at most n− 1. On the other hand, by Lemma 3.4 there exists a class
of symbol length n − 1 in pBr(F), so the symbol length of pBr(F) is exactly n − 1.
Now suppose dimFp(k/℘(k)) > n. By Theorem 3.3 the symbol length of pBr(F) is
at most n. Take β1, . . . , βn ∈ k to be Fp-linearly independent elements in k/℘(k), and
consider the algebra D = [β1, α1)p,F ⊗ · · · ⊗ [βn, αn)p,F . This algebra is generated over
F by x1, y1, . . . , xn, yn satisfying x
p
i
− xi = βi, y
p
i
= αi and yixiy
−1
i
= xi + 1, yiy j = y jyi
and xix j = x jxi for any i, j ∈ {1, . . . , n} with i , j. Hence, this algebra can also be
viewed as the skew field of twisted iterated Laurent series L((y1;σ1)) . . . ((yn;σn)) over
L = k[x1, . . . , xn : x
p
i
− xi = βi∀i ∈ {1, . . . , n}] where each σi is the automorphism of L
mapping xi to xi + 1 and every other x j to itself (see [9, Section 1.1.3]). In particular,
D is a division algebra whose symbol length is n, and so SymLp(F) = n. 
Corollary 3.6. When char(k) = 2, the field F = k((α))((β))((γ)) is not linked.
Note that this means that I2qF is not linked for F = k((α))((β))((γ)). In the next section
we generalize this fact to arbitrary quadratic and bilinear Pfister forms.
4. Quadratic and Bilinear Forms
We first cover the standard case:
3
Proposition 4.1. Given an algebraically closed field k of char(k) , 2, InF is linked for
F = k((α1)) . . . ((αn+1)).
Proof. Consider the n-fold Pfister forms ϕ = 〈〈a1, . . . , an〉〉 and ψ = 〈〈b1, . . . , bn〉〉. By
Hensel’s Lemma, the a-s and b-s can be assumed to be products of powers of the α-s.
Consider the group F×/(F×)2 as a vector space V  F
×(n+1)
2
. By the identity 〈〈a, b〉〉 =
〈〈ab, b〉〉, and the assumption that ϕ and ψ are anisotropic, the elements a1, . . . , an span
an n-dimensional subspaceWa of V and the elements b1, . . . , bn span an n-dimensional
subspace Wb of V . Therefore, Wa ∩ Wb is at least of dimension n − 1. Take a basis
c1, . . . , cn−1 for this (n−1)-dimensional subspace of the intersection, and 〈〈c1, . . . , cn−1〉〉
is a common factor of ϕ and ψ. 
When char(k) = 2 we need to distinguish between quadratic and bilinear forms.
Theorem 4.2. Given a field k of char(k) = 2, InqF is not linked for F = k((α1)) . . . ((αn+1)).
Proof. Let ϕ = 〈〈α1, . . . , αn−2, αn−1, α
−1
n ]] and ψ = 〈〈α1, . . . , αn−2, αn, α
−1
n+1
]]. The form
ϕ ⊥ ψ is Witt equivalent toω = 〈〈α1, . . . , αn−2〉〉⊗[1, α
−1
n +α
−1
n+1
] ⊥ αn−1〈〈α1, . . . , αn−2〉〉⊗
[1, α−1n ] ⊥ αn〈〈α1, . . . , αn−2〉〉 ⊗ [1, α
−1
n+1
]. For ϕ and ψ to share a common (n − 1)-fold
factor, ω must be isotropic, but it is not. This can be seen by considering the right-to-
left (α1, . . . , αn+1)-adic valuation. The values modulo (2Z)
×(n+1) of all the symplectic
blocks in ω are distinct, and so the form must be anisotropic. 
Theorem 4.3. Let F be a field of char(F) = 2 and rank2(F) 6 n + 1. Then I
nF is not
linked.
Proof. Let 〈〈α1, . . . , αn+1〉〉 be an anisotropic bilinear n-fold Pfister form over F. Con-
sider the forms ϕ = 〈〈α1, . . . , αn−2, αn−1, αn〉〉 and ψ = 〈〈α1, . . . , αn−2, αn−1 + 1, αn+1〉〉.
Recall that an anisotropic bilinear Pfister form τ has a “pure subform” τ′ which is the
unique anisotropic symmetric bilinear form satisfying τ′ ⊥ 〈1〉 = τ (see [5, Chap-
ter 1, Section 6]). We therefore denote by ϕ′ and ψ′ the pure subforms of ϕ and ψ,
respectively. The set D(ϕ′) ∪ {0} is the (2n − 1)-dimensional F2-vector space
Vϕ =
⊕
(e1,...,en)∈{0,1}×n\{(0,...,0)}
F2α
e1
1
. . . αenn .
The set D(ψ′) ∪ {0} is the (2n − 1)-dimensional F2-vector space
Vψ =
⊕
(e1,...,en)∈{0,1}×n\{(0,...,0)}
F2α
e1
1
. . . α
en−2
n−2
(αn−1 + 1)
en−1α
en+1
n+1
.
In order for ψ and ϕ to share an (n−1)-fold factor, the intersection Vϕ∩Vψ should be of
dimension at least 2n−1−1. However, the intersection of these two spaces isW⊕αn−1W
whereW =
⊕
(e1,...,en−2)∈{0,1}×(n−1)\{(0,...,0)}
F2α
e1
1
. . . α
en−2
n−2
, which is of dimension (2n−2−1) ·
2 = 2n−1 − 2, i.e., less than 2n−1 − 1. Therefore, the forms do not share an (n − 1)-fold
factor. 
Corollary 4.4. Given a field F of char(F) = 2 with InF , 0, the following are equiva-
lent:
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1. InF is linked.
2. InF is 3-linked.
3. The 2-rank of F is n.
Proof. By the assumption, the 2-rank of F is at least n. By Theorem 4.3, (1) implies
(3). By [3, Corollary 3.2], (3) implies (2), and clearly (2) implies (1). 
Note that when k is an algebraically closed field of char(k) = 2, the field F =
k((α1)) . . . ((αn+1)) satisfies the conditions of Theorems 4.2 and 4.3.
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